We obtain L q -L p decay estimates, 1 ≤ q < p < ∞ for solutions of nonlocal heat equations of the form ∂ t u + Lu = 0. Here L is an integral operator given by a symmetric nonnegative kernel of Lévy type. We obtain these estimates in terms only of the behaviour of the kernel at infinity, without any information of its behaviour at the origin. This includes bounded and unbounded transition probability densities. An equivalence between the decay and a restricted Nash inequality is shown. We also prove that lim t→∞ u(t) ∞ = 0. Finally we deal with nonlinear nonlocal equations of porous medium type ∂ t u + Lϕ(u) = 0.
Introduction
The purpose of this work is to study the decay for large time of solutions to nonlocal evolution equations of the form (1.1) ∂ t u + Lu = 0, x ∈ R N , t > 0.
Here the diffusion is driven by an integral operator L in the spatial variable defined by (1.2) Lf (x) = P.V.
R N (f (x) − f (y))J(x − y) dy, * cbrandle@math.uc3m.es † arturop@math.uc3m.es with J a Lévy kernel, i.e., satisfying R N J(z)(|z| 2 ∧1) dz < ∞. When studying the long-time behaviour of solutions for problems like (1.1)-(1.2), it is common in the literature to impose a global behaviour on J, typically integrability on the whole space, or boundedness, or a power-type behaviour, which may be different at the origin and at infinity, see for instance [4, 7, 9, 13] . As we will see this is it not always necessary: in this paper we obtain estimates on the decay of solutions for large times in terms only of the behaviour of the kernel at infinity, without imposing any condition at the other end. To this purpose we establish some functional inequalities that might have independent interest. Problem (1.1)-(1.2) has been widely studied in many different contexts, see for instance [2, 4, 15, 17, 22] . Typically we find in the literature two lines of research, often disconnected, namely J integrable or J hypersingular of fractional Laplacian type. These two kinds of kernels give rise to very different properties and characteristics both in the nature of the problem and the solutions.
In particular, regarding the operator, it is of differential type or not depending on the singularity of the kernel at the origin. For regular kernels or even weakly singular kernels, J ∈ L 1 (R N ), and to fix ideas say R N J = 1, the operator in (1.2) can be written in the form
where * denotes the usual convolution in R N . This means that Lf is as regular as f , and L is a zero order operator. On the other hand, if J(z) = |z| −N −α , with 0 < α < 2, then the condition f ∈ C α+ε (R N ), with 0 < α + ε < 1, implies Lf ∈ C ε (R N ), see [19] where more general cases are also considered. The operator L is in that case (a multiple of) the well known fractional Laplacian (−∆) α/2 , an operator of order α, like α derivatives. For general Lévy kernels we get that the operator L is well defined for smooth bounded functions and it is of order strictly less than 2, see for instance Lemma 2.1.
About the solution -The operator L given by formula (1.2) satisfies for f in the Schwartz class, (1.3) (Lf )(ξ) = m(ξ) f (ξ), for some multiplier m(ξ), cf. formula (4.1), it is therefore a pseudodifferential operator, see [20] . The advantage of formula (1.3) is that equation (1.1) becomes ∂ t u + m u = 0. If we are given an initial value is u(x, 0) = u 0 (x), then we get the formal expression of the solution,
(1.4) u(x, t) = u 0 * µ t (x), µ t (ξ) = e −m(ξ)t .
(We also write u(t) = u 0 * µ t by abuse of notation). This solution will be as regular as the most regular of the two terms in the convolution. In fact, the fundamental solution µ t may be a regular function or may be a singular measure depending on the behaviour of the multiplier. We will devote Subsection 4.1 to study the properties of m in terms of the Lévy kernel.
Regularizing effect -The first issue is to study the regularity properties of µ t for t small. We characterize this regularity using the behaviour of the multiplier at the origin. Regarding again the two different lines of research mentioned above, if J is integrable there is no regularizing effect, as µ t is not integrable and then µ t is discontinuous; actually µ t is a singular measure, see for instance [9] . On the very other hand, for the fractional Laplacian type operators, the solution is immediately bounded and C ∞ . We want to determine which is the threshold for the kernel J in order to get regularizing effect or not. In the brief Subsection 4.2 we prove that this borderline is precisely the function J(z) = |z| −N for |z| small, and it lies into the no regularizing effect side, though it is not integrable, see Theorem 4.6.
Decay estimates -We devote the main part of the paper to study the decay of the solution for large times imposing the least as possible conditions on the kernel J, in particular regarding only the behaviour of the kernel at infinity. Decay estimates in L p for singular kernels at the origin of the type of the fractional Laplacian have been obtained in [4, 7, 16] . On the other hand, using in a definite way that the kernel is bounded and for N ≥ 2, some decay estimates are proved in [8] , see also [13] .
In our case, we obtain decay estimates without imposing any condition on the kernel at the origin: the kernel could be bounded, integrable or even singular of fractional Laplacian type. In other words, the associated transition probability densities could be bounded or unbounded. This includes for instance the borderline case J(z) ∼ |z| −N for |z| small, which is not covered by the previous studies. This generality makes that the specific arguments used before do not work.
Assuming that the kernel posses what is known as a heavy tail, that is, it decays slower than a power |z| −N −α , for large |z| and some 0 < α < 2 (infinite second order momentum), we prove for some t large and 1 ≤ q < p < ∞, the estimate
see Theorem 4.10. If no condition is imposed on J at infinity we always get the same estimate, namely (1.5) but with α = 2. We remark that this result holds for every N ≥ 1.
Nash inequalities -Decay estimates for heat like equations, or more generally, for submarkovian strongly continuous symmetric semigroups, are usually shown to be equivalent to some Sobolev or Nash inequalities, see for instance [7, 18, 23] . Here we establish some relation between the large time decay for this kind of semigroups with a restricted Nash inequality for the associated Dirichlet form, see Section 3. We also prove that this Nash inequality indeed holds in our context of equation (1.1), see Corollary 4.9.
Nonlinear problem -We are also interested in nonlinear nonlocal heat equations of the form
for some constitutive function Φ, which behaves (in a weak sense) like a power σ ≥ 1 for small values. In Subsection 4.4 we show that the procedure used to deal with the linear problem works also for this nonlinear case. We obtain again L q -L p decay estimates similar as before, but under the limitation that max{1, σ − 1} < q < p < ∞, see Theorem 4.13.
Organization of the paper -In the preliminary Section 2 we settle the problem and the functional framework in which we will work throughout the paper. Section 3 is selfcontained and relates the long-time behaviour of the solutions of an abstract problem with some functional inequalities of Nash type. The long Section 4 contains the main results of the paper, namely the decay estimates for large times of the solutions to equation (1.1) . This is done in Subsection 4.3. We also characterize the regularizing effect, Subsection 4.2. For both studies we use the properties of the associated multiplier, described in Subsection 4.1. In Subsection 4.4 we apply the previous method to study the decay for the solutions of a nonlinear nonlocal Porous Medium type equation. Finally, for the readers convenience, we devote an Appendix to summarize the connection between the PDE context of our problem and the probabilistic point of view.
Preliminaries. Problem setting
We introduce in this section different notions of solution and establish some basic properties for the Cauchy problem associated to equation (1.1),
We will be assuming throughout the paper (without mentioning it anymore) that J is nonnegative, radially symmetric, and satisfies the Lévy condition
The "classical" examples mentioned in the Introduction, J integrable and J = |z| −N −α , are in particular Lévy kernels (provided 0 < α < 2) and they somehow delimit the range of admissible kernels.
It could seem that establishing the theory of existence and uniqueness for this linear problem (2.1) would not be necessary. This is not the case. Even if we have at hand the formal expression (1.4) for the solution, since we are dealing with rather general operators L, a careful study of the solution is needed. In order to give a sense to (1.4), we can consider classical solutions, for which we require that the initial data are bounded C 1,1 functions. We also construct weak solutions for
Weaker conditions on u 0 can also be considered depending on L. For operators L given by bounded kernels, an existence and uniqueness theory is established in [9] for u 0 ∈ L 1 (R N ) and such that u 0 ∈ L 1 (R N ).
Using the symmetry of J we can write (1.2) in the equivalent formulation
which allows to prove that the operator L is well defined for smooth enough functions.
Proof. To see that Lf is well defined and bounded we decompose the integral in (2.2) into two parts:
In order to study the continuity we split the integral again in two parts, but now we take r > 0 to get
Since J is a Lévy kernel, we have that the first term on the right is small if r is small. Once r is fixed, the second term is also small by taking |x − y| small.
If moreover f is compactly supported then, for |x| large the following estimate holds
Thus, we consider the weighted space
Observe that the operator L can be defined now in the sense of distributions for functions f ∈ F L applied to functions ϕ ∈ C 2 0 (R N ) as Lf, ϕ = f, Lϕ . For instance, if J is nonincreasing this allows to define L for locally integrable functions increasing at infinity less than |x| N .
Weak solutions -As it is common in the literature, we may define a weak solution of problem (2.1) by formally multiplying the equation by a suitable test function and then integrating by parts. In our situation this is done by considering the quadratic Dirichlet form (nonlocal interaction energy)
and the associated bilinear form
Then we define
for functions in the space where the quadratic form is finite. Actually we consider the space
We also use the equivalent expression of the Dirichlet form in terms of the multiplier,
Roughly speaking, it is of Sobolev type if L is of positive order. In fact, the more singular is J at the origin, the smaller is H L (R N ).
for every ϕ ∈ C 1 (R N × (0, ∞)), vanishing for |x| and t large.
Remark 2.3
As we have said, if ϕ ∈ C 1 0 (R N ) then E(ϕ, ϕ) < ∞ and then the last integral makes sense. In fact more general test functions can be used in the definition, for instance
Problem (2.1) can be written, whenever the Fourier Transform is well defined, using (1.3) as
This ODE problem has the explicit solution u(ξ, t) = u 0 (ξ)e −m(ξ)t . The fact that this problem is equivalent to our original problem in weak form is the content of the next theorem and in particular leads to an explicit solution of (2.1).
is the unique weak solution to problem (2.1).
Proof. Since µ t is a measure with
The fact that u satisfies the equation in Fourier sense gives that it verifies (2.7), and hence, it is a weak solution. The converse is not so immediate, but it is a consequence of uniqueness.
To prove such uniqueness we construct an appropriate test function. For that purpose let z be a weak solution of (2.1) with null initial value and define
which it is a test function, since it satisfies the hypotheses of Remark 2.3. We then have, from (2.7),
which implies z ≡ 0. Another feasible test function could be ϕ defined by Fourier Transform as
which is a solution to the adjoint problem
Again this is an admissible test function. We have in this case
The next properties of the solution follow immediately from the explicit formula (2.8).
Lemma 2.5 Let u given by (2.8) be the weak solution to (2.1).
•
Proof. The decay of the L p norms is well known using the Dirichlet form (2.3), see [12] . It is also an easy consequence of the explicit expression of the solution and Young's inequality, which also implies conservation of mass. For the second property, in order to estimate E(u(t), u(t)) we observe that m(ξ)e −2m(ξ)t ≤ 1/(2et). The last estimate is similar:
These properties imply that the weak solution is in fact a strong solution, and equation (2.1) holds almost everywhere. Moreover, in view of Remark 2.3, we can use the solution u itself as a test function. This reveals to be of great utility in proving the decay of the solution for large times, Section 4.
Very weak solutions -We consider now an even weaker concept of solution, using the weighted space F L .
, vanishing for |x| and t large.
Lemma 2.7 Let u 0 ∈ F L be an initial data for (2.1). Then u given in (2.8) is a very weak solution to problem (2.1).
be a sequence of initial data to (2.1), such that u 0,n → u 0 in F L , and let u n = u 0,n * µ t be the associated weak solutions. Every function u n satisfies the identity (2.9). Then u = lim n→∞ u n = u 0 * µ t , and the passage to the limit in (2.9) gives that u also satisfies the same identity.
Remark 2.8 Uniqueness of very weak solutions is not clear. For a similar concept of solution in the case of the fractional Laplacian operator, in [3] uniqueness is proved by using strongly the boundedness of µ t for t positive.
Classical solutions -Lemma 2.1 says that Lu is continuous in space provided u is C 1,1 and bounded in space for all t > 0. On the other hand, regularity in time follows from the fact that the L 2 -function ∂ t u(t) = −me −mt u 0 is continuous in time. Hence, the weak solution u to problem (2.1) is in that case a classical solution, and the equation (2.1) holds pointwisely.
Imposing additional conditions on J we get regularity in space, a posteriori, under very few conditions on the initial data. For instance, if J(z) ≤ c|z| −N for |z| small then, exactly as in Lemma 2.1,
, then it is enough to have u 0 continuous and bounded in order to have a classical solution. Finally, as we will see in Section 4, when J(z) ≫ |z| −N for |z| small, then the function µ t decays faster than any power for each fixed positive time, and so µ t is C ∞ and bounded for every t > 0. This gives a classical solution for every initial value u 0 ∈ L 1 (R N ).
Nash inequalities
In this section we relate the decay of the solutions to problem (2.1) with some functional inequalities of Nash type. The application of the Nash inequalities to get the precise decay estimates will be the subject of Section 4.3.
As a starting point we recall a result due to Varopoulos, see [23] , that characterizes the decay of heat semigroups T t = e −At , for positive self-adjoint operators A in L 2 , in terms of functional inequalities. Actually, if T t satisfies the ultracontractivity property
for some d > 1 and any t > 0, then a Sobolev type inequality
holds for the Dirichlet form Q(f, f ) = Af, f and any function f in the domain D of Q. The converse is also true. In particular, in the case of the Laplacian, and even in the fractional Laplacian case A = (−∆) α/2 , 0 < α ≤ 2, estimate (3.1) is easy to obtain. Here d = N/α, from the homogeneity of the semigroup. When N > α this gives the well-known Hardy-Littlewood-Sobolev inequality
On the other hand, in [18] it was proved that estimate (3.1) follows also from another interesting inequality, called Nash inequality, now for every d > 0. For the equivalence see [7] . 
for some (for every) 1 < p ≤ ∞,
Later [10] extend Theorem 3.1 above writing (3.4) in the form
where B(s) can be any function in a certain class generalizing the function B(s) = s 1/d of (3.4). They obtain an estimate of the semigroup
for some function Λ related to B. Actually, the admissible functions B always satisfy the estimate B(s) ≫ log s for s → ∞.
As we will see in Section 4.2, a decay like (3.7) for the solution of (2.1) cannot be true for any function Λ and all times, if no assumption of singularity at the origin of the kernel J defining L is made. Hence it is natural to ask if there is a Nash inequality of the type (3.6) so that a decay of the form (3.7) can be obtained only for large times. We show that a result of this kind is true with the function B(s) = min{1, s 1/d }. We remark that this function B is bounded. Unfortunately we have been not able to reach the value p = ∞.
Theorem 3.2 Assume there exist constants
Then, for any 1 ≤ q < p < ∞ and every v ∈ L 1 (R N ) ∩ L p (R N ), there exist a constant C 2 > 0 and a time t 0 > 0 such that
Remark 3.3 If f 2 is small, i.e., f 2 ≤ f r , inequality (3.8) reduces to the Nash inequality (3.4); otherwise it is a Poincaré inequality, Q(f, f ) ≥ c f 2 2 .
The proof uses the following inequality due to Stroock [21] and Varopoulos [23] . 
Proof of Theorem 3.2. Let q ≥ 1 be given and take p = 2q/r. Put z(t) = T t (v). We have
for every test function ζ. Putting ζ = |z| p−2 z, and using (3.10), we get
We now apply the hypothesis (3.8) to the function |z| p/2 to get
This holds for every t > 0. Therefore, denoting ψ(t) = z(t) p p , since the L q -norms are nonincreasing in time, see [12] , that is, z(t) q ≤ z(0) q = v q , we obtain the differential inequality
If ψ(t) ≥ v p q for every t > 0, the previous inequality gives ψ ′ (t) ≤ −cψ(t)
The time t 1 depends on the initial data. Indeed,
. We solve the differential inequality to get the estimate
and finally, taking t 0 = 2t 1 ,
Observe that d/p = dr/2q = ̺(q, 2q/r).
The general case follows easily by iteration and interpolation. Indeed, if we define
for t large enough. Finally, for an arbitrary q < p < ∞ we use interpolation with some p k > p and the fact that L q -norm decays.
We now prove the following converse result.
Theorem 3.5 Let 1 ≤ q < 2 and p = q/(q − 1) (p = ∞ if q = 1), and τ > 0, ν > 0. For
there holds
On the other hand, following for instance [7] , choosing ζ = v in (3.11), we get
since clearly, by the definition of Q we have Q(z(s),
for every t > τ.
We minimize in t the function h(t) = At + Bt −ν . If
On the contrary, the estimate obtained is
We remark that by Hölder's inequality the result can be extended to any p > q/(q − 1) if q > 1. The exponent ν in (3.15) must be replaced by µ = This multiplier has the well known following expression, see for instance [5] ,
In fact, (2.2) yields
Since the kernel J is of Lévy type we have that m is well defined and moreover we obtain the first bound
Of course, a better knowledge of the behaviour of J would imply sharper bounds for m. For instance, if J is integrable then m(ξ) ≤ 2. On the other hand, if J has a fractional Laplacian type singularity at the origin, say J(z) ∼ |z| −N −α for some 0 < α < 2, then m(ξ) ∼ |ξ| α for |ξ| large. In general, the nature of J at the origin has a direct translation on m for large values of |ξ|. In fact, these relation has already been studied in [14] in a different context related to Hölder estimates of an associated elliptic problem. Under the assumption that J is radially nonincreasing in |z| < η for some η > 0 we have that m is bounded in terms of J.
Lemma 4.1 Assume J is (radially) nonincreasing near the origin. Then the multiplier m(ξ) satisfies, for |ξ| > 1,
where
This lemma implies in particular that m(ξ) ≥ c for every |ξ| > 1. We omit the proof since it can be adapted directly from the one in [14] : the upper bound is immediate; for the lower bound, the key point consists in estimating the integral only over the intervals where 1 − cos y ≥ 1/2 and then using that J is nonincreasing. We mention that more general kernels are considered in [14] , for instance J(z) ≤ cJ(w) for 0 ≤ |w| < |z| ≤ η.
We are now concerned with estimates for m when ξ is small. If we have a precise power-type lower bound of the decay at infinity of J then the bound (4.2) can be improved. 
with γ = min{α, 2}.
Proof. As we have said, if α ≥ 2 then (4.3) holds with γ = 2. Let then α ∈ (0, 2). For |ξ| small enough,
If |ξ| is big, the result is already proved in Lemma 4.1.
Remark 4.3
The estimate in the case α = 2 is not sharp, as Theorem 4.4 shows.
Both previous lemmas will allow us to prove in Subsections 4.2 and 4.3 the regularizing effect and decay estimates for the solution of (2.1). The next theorems state the precise behaviour of m for small |ξ| in the case in which the kernel decays exactly as a power
This allows to obtain the asymptotic behaviour of u. Let us first assume that the kernel has a slow decay, i.e., 0 < α ≤ 2.
Theorem 4.4 Let J satisfy (4.4) for some 0 < α ≤ 2. For |ξ| small we have
Proof. Let 0 < α < 2. For each ξ ∈ R N given, we use the rotation R = R ξ that carries ξ to the first axis, that is, R(ξ) = |ξ|e 1 , where e 1 = (1, 0, . . . , 0). If we put y = (R −1 ) T z|ξ|, then
Hence the limit
becomes, since J is radial, using the Dominated Convergence Theorem,
which yields (4.5).
If α = 2 the last integral in (4.7) is not convergent, so the result obtained by just replacing α by 2 is not true. Instead we split m in two parts,
for some K > 0 to be chosen. The first integral can be handled easily using that J is a Lévy kernel. Indeed, for every K > 0
Finding a bound for I 2 is more tricky. Since J verifies (4.4), for every ε > 0, let K > 0 such that |z| N +2 J(z) − A < ε. Then, using the same rotation as before,
In the same way
We obtain (4.6) directly from these estimates.
The next step would consist in considering (4.4) with α > 2. However this can be included in a bigger class of fast decaying kernels, namely those having finite second order momentum
The precise decay does not play any role, the behaviour will depend only on Σ. In fact the behaviour of the multiplier, as well as the asymptotic behaviour of the solution coincides with that of the heat equation.
Theorem 4.5 Let J satisfy (4.8). For |ξ| small we have
Proof. As before, we divide m into two parts,
As to the first integral, we consider the same rotation as in the proof of Theorem 4.12, but we put y = (R −1 ) T z, so that z · ξ = |ξ|y 1 . Thus, since J is radial, and using the Dominated Convergence Theorem,
For the second integral, the computation is straightforward,
Short-time behaviour
As it is shown in Theorem 2.4, the solution to problem (2.1) is given by the convolution expression (2.8). Thus, if µ t is bounded, then problem (2.1) has an L 1 -L ∞ regularizing effect in the form u(t) ∞ ≤ C(t) u 0 1 for any t > 0. Moreover, if µ t is regular so is the weak solution even if the initial value is not. The fact that µ t is bounded or not can be characterized by the integrability of µ t , and this last depends on the behaviour of the multiplier m(ξ) at infinity. This behaviour also determines the regularity of the solution.
In turns, all these properties depend only on the singularity of the kernel J at the origin, through formula (4.1).
The model case for the regularizing effect is the fractional Laplacian kernel, J(z) = |z| −N −α , with α ∈ (0, 2), for which the following estimate holds
for every t > 0. In fact, since the multiplier is m(ξ) = |ξ| α then µ t = e −|ξ| α t and µ t ∞ = µ t 1 = ct −N/α . The same estimate (4.9) is valid, but only for bounded times, if the kernel satisfies J(z) ≤ c|z| −N −α for |z| < η and some η > 0 small, since then, from Lemma 4.1 we have (4.10)
The decay of the solution for large times is at least that of the (local) heat equation, and further estimates depend on the behaviour of J at infinity, see for instance [7] and next subsection.
On the other hand, if J is integrable in all of R N , and say J 1 = 1, then m(ξ) = 1 − J(ξ). Hence, the Riemann-Lebesgue Lemma implies lim |ξ|→∞ m(ξ) = 1 and therefore µ t ∈ L p (R N ) for any t > 0 and any p < ∞. Thus µ t ∈ L ∞ (R N ), and it is even discontinuous. This means that problem (2.1) has no regularizing effect. In fact, an explicit expression for the convolution (singular in this case) measure µ t is given in [9] , where µ t = e −t δ 0 + ω t , with δ 0 the Dirac delta measure at the origin and ω t as smooth as J. Therefore the solutions are at most as regular as the initial data are.
Next we characterize the borderline to have L 1 -L ∞ regularizing effect, which is not given by the integrability or not of J at the origin, but by the function J(z) = |z| −N . Theorem 4.6 Assume J is radially nonincreasing near the origin. There is regularizing effect for problem (2.1) if and only if lim z→0 |z| N J(z) = ∞.
Proof. The condition lim z→0 |z| N J(z) = ∞ implies, using Lemma 4.1 for J(z) = j(|z|),
This gives that for every t > 0 there exist M large such that
On the contrary if J(z) ≤ c|z| −N for |z| small, then ψ 1 (r) ≤ c and ψ 2 (r) ≤ c log r. Thus
The same estimates allow to determine the regularity of the fundamental solution µ t , and thus that of the solution. We summarize the regularizing effect in the following. 
• If J(z) ≥ c|z| −N for small |z| then there exists t 0 > 0 such that u(t) ∈ L ∞ (R N ) for any t > t 0 . Moreover, for any positive integer k there exists t 1 > t 0 such that u(t) ∈ C k (R N ) for t > t 1 .
• If J(z) ≤ c|z| −N for small |z| then there exists
Long-time behaviour
When there is no regularizing effect, or in general, when (3.1) does not hold for all t > 0, but only for t large, inequalities (3.2) and (3.4) cannot be true. However, we expect that the restricted Nash inequality (3.8) must hold, reflecting the possible nonsingular behaviour of the kernel at the origin. Since our aim now is proving the decay of the solutions for t large, we concentrate in proving that (3.8) is true in the context of the space H L (R N ), with the Dirichlet form E(v, v). The symbol m coming from a Lévy kernel J satisfies (4.3).
Lemma 4.8 Let m satisfy (4.3) for some 0 < γ ≤ 2. Then, for every 1 < r < s ≤ 2,
where c i = c i (r, s, γ, N ) and
The case s = 2, γ = 2 and N ≥ 3 is obtained in [13] . They also are able to reach r = 1 in (4.11) provided J is integrable. We mention that more general kernels J = J(x, y) not only J = J(x − y) are considered in that paper.
Proof. Assume first N > γ. As in [13] and [18] we write z = v + w with v = χ Q z,
and both terms on the right-hand side are positive. Using that m verifies (4.3), and by the Hardy-Littlewood-Sobolev inequality (3.3), we find the following bound for the first term,
Since v r ≤ c z r for every r > 1, see [20] (the result is false for r = 1), using interpolation we get
. As to the second term, the calculus is easier. We have
So again by interpolation, and since w r ≤ z r + v r ≤ c z r , (4.14)
2 . Adding inequalities (4.13) and (4.14) we get (4.11). If N ∈ (γ/2, γ], i.e N = γ = 2 or N = 1 ≤ γ < 2, we cannot use Hardy-Littlewood-Sobolev inequality. However, we may overcome this problem by defining the new Dirichlet form
and replacing γ by γ/2 in the above argument. Observe that the critical Sobolev exponent reads now 4N/(2N − γ). We then have
where θ 1 , given in (4.12), is replaced here by the new value
s[2N (2−r)+γr] , and
where θ 2 remains the same. In order to write the expression for v in terms of E(z, z) we use Hölder inequality,
with a = rγ 2N (2−r)+γr , to get
Therefore we conclude
Finally, if N = 1, γ = 2, we define E 1/4 and replace γ by γ/4 in the same way as before. We omit the details.
As a consequence of this lemma, we prove now that inequality (3.8) holds in our setting. In fact we state a more general version with the new exponent 1 < s ≤ 2 (there s = 2 and hence θ 2 = 0). The interest of this generality comes from its applicability to a nonlinear problem of porous medium type, see Section 4.4. Moreover, the result that we prove here holds for every 1 < r < 2, not just for some r. The case r = 1 is left open. Corollary 4.9 Let m satisfy (4.3) for some 0 < γ ≤ 2 and fix the parameters r and s such that 1 < r < s ≤ 2. It holds
, where θ 1 and θ 2 are given in (4.12).
Proof. We define X := E(z, z) 1/2 , Y := z s and K := z r . Inequality (4.11) can then be written as
We are now able to prove one of the main results of the paper, namely the L q -L p estimates for large times for the solutions to problem (2.1). As we have said, it depends on the behaviour of the kernel J at infinity. If we look at the estimates of the multiplier (4.2) and (4.3), it is clear that imposing no condition at infinity on J will give the same result as imposing the decay condition J(z) ≥ c|z| −N −α for large |z| with α = 2. We therefore only consider the case 0 < α ≤ 2.
, let u be the associated solution to problem (2.1). Then there exists t 0 > 0 large such that, for every t > t 0 and 1 ≤ q < p, If we try to find an ultracontractivity type estimate for the L ∞ -norm for large times, we face several difficulties that we address. First of all, the time t 0 for which the estimate (4.15) holds, depends on p and it tends to infinity as p grows. Hence, passing to the limit in the proof of Theorem 4.10 or Theorem 3.2 is not possible. On the other hand, the classical duality argument fails. Indeed, we cannot consider the heat semigroup associated to the operator L at a fixed time t, S t : L 1 → L p , since again the time t for which it is a bounded operator depends on the L p -norm of the solution itself.
Of course, if we impose additional conditions to the kernel J or the initial condition u 0 , then some decay of the solution can be proved. For instance, if J(z) ≥ c|z| −N −β for |z| small, 0 < β < 2, then u(t) ∞ ≤ C(t −N/β + t −N/α ) u 0 1 , see (4.10) and Corollary 2.12 in [7] .
On the other hand, if the initial datum u 0 in problem (2.1) satisfies the very restrictive condition u 0 ∈ L 1 (R N ) (in particular it requires u 0 continuous), then a decay estimate for the solution is easy to obtain. Actually,
In view of this, our purpose here is to obtain at least some behaviour for large times assuming only that the initial data is u 0 ∈ L 1 (R N ) ∩ L ∞ (R N ), and of course with no condition on J at the origin. Proof. Let S t be the heat semigroup associated to L. Theorem 4.10 with for instance q = 1 and p = 2, implies that
Thus there is a subsequence of times such that
This means that lim
and (4.16) follows since the L ∞ -norm is nonincreasing.
We end this subsection showing the asymptotic behaviour for the solutions in the case we have a perfect knowledge of the behaviour of the symbol m near the origin, or which is the same, a knowledge of the behaviour of J at infinity. The next theorem can be proved exactly as in [9] , replacing 1 − J(ξ) by m(ξ) in their calculations, since the hypothesis J integrable assumed throughout that paper is not really used in the proof of this particular result. What is indeed still needed is their restriction on the initial data to have an integrable Fourier Transform.
Theorem 4.12 Let u be a solution of (2.1) such that the initial datum verifies u 0 ∈ L 1 (R N ).
• Assume the kernel J satisfies (4.4). If α < 2, then
where v is the solution to the fractional heat equation ∂ t v + κ(−∆) α/2 v = 0 with initial datum u 0 , and κ depends on A.
• If α = 2 in (4.4), then it holds
where v is the solution to the heat equation ∂ t v − κ∆v = 0 with initial datum u 0 , and κ depends on A.
• Assume J satisfies (4.8). Then
where v is the solution to the heat equation ∂ t v − κ∆v = 0 with initial datum u 0 , and κ depends on Σ.
Decay estimates for a nonlinear equation
We want to apply the method described in Subsection 4.3 to deal with the nonlocal nonlinear filtration equation
As to the constitutive nonlinear function we assume it is of Porous Medium type in weak sense, that is,
Our present interest is only to show the applicability of the method. Therefore we assume we are given a weak bounded solution to problem (4.17) . Existence of such a solution is obtained in [11] in the case L = (−∆) α/2 and Φ(ζ) = |ζ| σ−1 ζ, σ > (N − α) + /N and quite general initial values. It would be interesting to obtain such a result for general Lévy operators L.
We prove the nonlinear analogue to Theorem 4.10 for solution to problem (4.17). Some restrictions on the exponents make the result not completely satisfactory. 
for t large, where
The exponents in (4.18) are optimal, see [11] for the fractional Laplacian case and Φ a power.
Following the same idea as before, if we multiply the equation in (4.17) by |u(t)| p−2 u(t) and integrate, we get the expression
In order to estimate this quantity we first prove a generalized Stroock-Varopoulos inequality. Proof. We only have to look at the original proof of this result with power-type functions performed in [23] and replace the calculus inequality for powers used there with the following inequality: for every a, b ∈ R it holds (F (b) − F (a))(G(b) − G(a)) ≥ (H(b) − H(a)) 2 .
In fact, assume without loss of generality that b > a, and consider the case G(u) = u. We have 
Appendix: Probabilistic view
Although our study of equation (1.1) has a purely Partial Differential Equations approach, it is important to keep in mind its probabilistic interpretation and motivation. We summarize in this appendix, for the sake of completeness, some well known facts about the connection between equation (1.1) and the theory of Lévy processes and pseudo-differential operators. Problem (1.1) is a particular case of this description with a Lévy process which is a symmetric real valued compound Poisson process (pure jumps, neither drift nor diffusion), and a Lévy measure of the form ν(dz) = J(z) dz.
Lévy processes -For any given Lévy process, X(t), t ≥ 0, defined on a probability space (Ω, F, P) we can consider the family of probability measures {µ t } t≥0 on R N , such that for every Borel set A ⊂ R N (A.1)
A µ t (dz) ≡ P {ω ∈ Ω : X(t, ω) ∈ A} .
Define, for v 0 smooth, the function (A.2) v(x, t) = S t (v 0 )(x) = v 0 * µ t (x).
The function v solves a differential equation that we will identify.
Pseudo-differential operators -Since the family {S t } t≥0 is a continuous convolution semigroup, it is easy to see that there exists a unique continuous function m such that the characteristic function µ t of the process X(t) satisfies Hence it is also denoted as the Lévy symbol. The semigroup S t is also a pseudo-differential operator with symbol e −m(ξ)t . The function v defined by (A.2) satisfies
that is, it is a solution to the nonlocal heat equation (A.5) ∂ t v + Kv = 0, x ∈ R N , t > 0, u(v, 0) = v 0 (x),
x ∈ R N , t = 0.
Conversely, if K is a pseudo-differential operator with symbol m(ξ), then the weak solution to problem (A.5) is given by formula (A.2), where µ t , also called the transition probability density associated to K, is given by (A.3). Semigroups -The operator K generates a semigroup given by the solution to (A.5), which coincides with the semigroup {S t } t≥0 associated to the family of convolution measures {µ t }. We have (A.8) K = lim t→0 I − S t t , S t = e −tK .
All this implies that the study of the evolution problem (A.5), i.e. of the semigroup {S t } t≥0 , and the study of the process X(t), t ≥ 0, are both equivalent and they are reduced to the study of the symbol m(ξ), see Figure 1 .
